Fourier transform of images
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Fourier transform

Joseph Fourier has put forward an idea of
representing signals by a series of harmonic functions

f(x)= [Fw)e’*™ du inverse
=

— F(u)= jf(x)e—ﬂﬂwcdx forward

Fourier coefficients
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Joseph Fourier
(1768-1830)
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Fourier transform - example
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Fourier transform - example
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Fourier transform - example
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Fourier transform of images

Monochrome image Fourier spectrum

Why do we convert images (signals) to spectrum domain?
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Fourier transform of images

Why do we convert images to spectrum domain?

1. For exposing image features not visible in spatial
domain, eg. periodic interferences

2. For achieving more compact image representation
(coding), eqg. JPEG, JPEG2000

—— 3. For designing digital filters

4. For fast processing of images, eg. digital filtering
of images in spectrum domain
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Fourier transform of images

F(u,v)= j jf( x,y e /Y dxdy | forward

—00 —0OQ

f(x,y)zj jF(u,v)ejZ”(“”"y)dudv inverse

—00 —0OO

—— | Euler equations?

| | | 1 (i
COS (()Ot — 1 (e]a)ot + e—]a)ot) Sin (()Ot — — (e]wol‘ —e ]0)02‘)
2 2] ;
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Amplitude and phase spectrum
of the Fourier transform of images
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F(u,v)

Flu,v)l eorslF )]

| F(u,v) = JR@[F(M,V)F + Im[F(u,v)]2

arg [F (u, v)] = arctan

Im|F(u,v)
Re|F(u,v)
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The Discrete FT of images - |

N-1N-1 ux VY

Zfoy Ne 2’”1\7:1\12 Flyle N

x=0 y=0
dla u,v=0]1,.., N-1

fley)=Y > Fluv)e "

dla x,y=0,1,..,N -1

k2 2 7kt 2mik(Am) ] -

I —e T —p NA

Jkayt
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The Discrete FT of images - I
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F(u,v)z

dla u,v=01,...N—1

flxy)= 22 F (v )e /27w )/ N
=0

N-1N-1
1

NZZZ f(x, y)e—j27z( ux+vy )/ N

x=0 y=0

N-1

0,1,.,N—1

Number of computations

for 512x512 image?
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1D computational example
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f(x):[1344] N=4 ej9=0086’+jsin6’

F(u) =%ing(x)e—j2nux/N

FO)= X £ =700+ 1)+ £ )+ £6)]=
=%[1+3+4+4]=3

) I :i(_gﬂ)
e I :—i(z)
) I =_i(3+ i)

P. Strumilto, M. Strzelecki

13



Cosine function Fourier spectrum
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Let us move to 2D

(0,0) (O,N-1) (-N/2,N/2) (O,N/2) (N/2,N/2)

(-N/2,0) I— T (N/2,0)

FFT < -

(N-1,0)
256x256 (-N/2,-N/2) (0,-N/2) (N/2,-N/2)
T in_ period = 2Ax is max possible frequency: 128 Au

T —32Ax is 16x smaller frequency i.e.: 128Au

sin_ period 1

=8Au
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Let us move to 2D

(0,0) (O,N-1)  (-N/2,N/2) (O,N/2) (N/2,N/2)

—_—
—_—
—_— VL
_ (—N/2,0) ....................................................................... . ....................................................................... (N/Z,O)
FFT
—_—
(N-1,0
256x256 (-N/2,-N/2) (0,-N/2) (N/2,-N/2)
T in_ perioa = 2Ax is max possible frequency: 128Au
T perioa =32Ax is 16x smaller frequency i.e.: 1218A” = 8Au
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Fourier amplitude spectrum
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Fourier amplitude spectrum
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Removing periodic distortions
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Fourier phase spectrun of an image

‘F(u,v)‘
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arg [F (u,v)]
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Properties of the two-dimensional
Fourier transform

Separability:
(0,0) (N-1) (0,0) (N-1) (0,0) (N-1)

tr. rows tr. columns
fey) | —* F(x,v) —r F(u,v)

(N-1)| (N-1) (N-1)|

Computation of the 2-D Fourier transform as a series of
1-D transforms
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Separability of the 2-D Fourier transform
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-1 N-1
F(M,V)_ ZZ f(.x y)e—]Zir(ux+vy)/N
x=0 y=0
F
)
- I
F( 1N_1 —Jj2mux/ N 'S —j2mvy/ N
u,v)=-—,) e f(xy)e
N x=0 y=0
1 N-1 .
Fluyv)= F(x,v)e /22N
N x=0
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Example

Images

FT

N -
Amplitude
spectra
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Shift in the spatial domain

Images

FT

~.

N

Amplitude

~..

flx—x,,y=v,) & Flu,v)exp

] Zﬂ(uxo + vy, )_

N 26
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Properties of the two-dimensional
Fourier transform

Convolution:

F{fxy) gy} = Fu,v) * G(u,v)

F{fixy) * gxy)} = F(u,v) G(u,v)

This property is useful in designing digital image
filters.
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Q)
1
o a
9(-a)
1/2
1 1
() 9(x-a)
|
1/2 %
_ - 5 a

|

"

1-D convolution
example

X

F* g0 = [ fl)glx-a)de

1/2

X




2-D convolution of discrete functions

(1)), g(i,)) — dicretete 2-D functions of period NxN

iIncrease periods of f(/,)) and g(/,)) up to
M=2N-1.

fe(i,k):{f(i,k) OS.i,kSN—l o (ik :{g(i,k) OS.i,kSN—l
0 N<i,k<M -1 0 N<i,k<M -1
| | M—-1M -1 |
fek)xg (i,k)= 2 2 f.,(mn)g, (i—mk—n)
m=0 n=0
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)y g(a), 1-D correlation
1 - example

> N

fa)glx+a) |f(x)og(x)= _Tf(a)g (x+@)da

g(x+a)t I
1/2
1/2 %
NT 1 @ ] 2«
[A)g(x+0a) flx)°g(x)
1/2 1/2
. T~
K[ 2 -1 2 X a0
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Correlation of 2-D discrete functions

(i), g(i,)) — dicretete 2-D functions of period NxN

Increase the periods as for convolution:

—1M -1

Jelisk)o g, (i,k)= Z 2. Je(m,n)g, (i+m,k+n)

m=0 n=0
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Periodicity of the FT

F(u,v)=F(u+N,v)=F(u,v+N)=F(u+N,v+N)

If f(Xx,y) is a real valued function then:

F(uv)=F *(-u,-v)

and:

| F(u,v)| = |F(-u,-v)|
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Fourier transform of images

flv \I>> flv \I>> flv \I>>
12 MY MY It is assumed the
transformed image
IS @ periodic
-IF(V \[‘») (v \I» (v \[‘») funCtlon OfperIOd
M) "\ ) "\ ) (N M
'IF(V \I>> flv \I>> flv \I>>
\ N ) AR "\ )
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Translation in the spectral domain
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£(x, y)exp

i j27Z'(qu + voy)_

N

& F(u—uo,v—vo)

This Fourier property is known as the

modulation theorem.
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Translation in the spectral domain

FUl gi==-mmmmmm e e e m - - i

Matlab: fftshift

fitshift(|F(u)]) 4

N/2 N y
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Translation in the spectral domain

f(x, y)exp{ j27t(u0]ic’+ voy)} = F(u —Ug,V —vo)

N N N
or uy=vo=— <SS Flu——yv——
Jor ug =vy 5 ( 5 2)@

j27t(u0x + voy)} B
N

= f (. y)expljmlx + y)l= £ (x, y)= 1)

— | flx y)eXp{

=
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Translation in spectral domain

(0,0)
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Rotation
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fir, 0+ 6,) < Fw, ¢+ 6,

8,= 0°

g,= 45°
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Linearity

Slafixy) +bgkxy)} =aFuv)+bGuyv)
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Scaling

S flax,by)} = labl'' F(u/a, v/b) | abeR

T, - T
000N
-

-
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Average value
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Fourier transform of an image - examples

[F1]

f=zeros(30,30);
f(5:24,13:17)=1;

—— | imshow(f,'notruesize’)

F=fft2(f); %compute 2-D Fourier transform
F1=log(abs(F)+1); %amplitude spectrum
imshow(F1,[0 5],'notruesize’);
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Fourier transform of an image - examples

f

%better resolution
f=zeros(30,30);
—_— | (5:24,13:17)=1;
F=fft2(f,256,256); |IF2]
F2=log(abs(F)+1);
imshow(fftshift(F2),[0 5],'notruesize’);

45

© IE PL P. Strumitto, M. Strzelecki



Fast Fourier Transform, FFT
(succesive doubling method)

If N=2" then N=2*M and one can show that:

Frol)= "> f(2x )Wy, Fou(u)= "> f(2x+1)W,
M x=0 M x=0

F(u)zé[Feven(u J+F (uWe ], u=01..M-1

F(u +M)=;[Feven(u)—FOdd(u)Wzbjw /, u=01..M-1
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Fast Fourier Transform, FFT

FFT is an efficient algorithm for computing
Discrete Fourier Transform

FFT exploits periodicity of complex sinusoidals:

. . n .
2am/N _(,j2x/N k 272/ N
e’ =(e’ i ) =W™ where: W =e’*"

for: n=77,k=5 N=32

WO Z 35 = (W32)3 _w3
gd)/Z :W(k+N)n :Wk(n+N) :Wkn
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Comparison of TF and FFT

N |N°?(FT)| NlogN |Advantage
(FFT) | N/logN

16 256 64 4 ”

256 | 65535 | 2048 32 H

512 | 262144 | 4608 64 H

2048 | ~4e6 | 22528 186 H

©IEPL

48

P. Strumilto, M. Strzelecki



Detecting periodic image content
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Discrete Cosine Transform (DCT)

mu(2x+1)

2N

}OS[W(MH)

2N

|

-N

7 N-IN-I
ﬁlzo k:Of X,y COS|:
forru,v=12,...,N -1
-N

Fourier spectrum of a real
valued and symmetric
function has real valued
~ coeffcients, ie. only those
associated with the cosine
components of the Fourier

series

©IEPL

N-1

D

image
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DCT basis functions

DCT basis
functions for 8x8
image blocks

mEEEEET
EEEEEEES

itto, M. Strzelecki



Discrete Cosine Transform (DCT)

fast vanishing of
the coefficients

‘autumn’ image Image cosine transform

The JPEG image compression standard
is based on DCT w2
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Other image transforms
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the Karhunen-Loeve transform - equivalent
to the PCA (Principal Component Analysis)

the wavelet transform
IS used in JPEG-2000

image coding standard

E J

eigenfaces O©OAT&T Labs
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Other image transforms

JBEG 0.1 bpp! “ VWavelet: 0.1 bpp

JPEG-2000
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